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ABSTRACT: We present a derivation of the scattering amplitude prescription for the pure
spinor superstring from first principles, both in the minimal and non-minimal formulations,
and show that they are equivalent. This is achieved by first coupling the worldsheet
action to topological gravity and then proceeding to BRST quantize this system. Our
analysis includes the introduction of constant ghosts and associated auxiliary fields needed
to gauge fix symmetries associated with zero modes. All fields introduced in the process of
quantization can be integrated out explicitly, resulting in the prescriptions for computing
scattering amplitudes that have appeared previously in the literature. The zero mode
insertions in the path integral follow from the integration over the constant auxiliary fields.
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1. Introduction

The covariant super-Poincaré quantization of the ten dimensional superstring is an im-
portant problem that has attracted lots of attention over the years. There are strong
motivations for developing such a formalism. To start with one would like to be able to
compute multi-loop amplitudes in a manifestly supersymmetric fashion and analyze the
associated issue of the perturbative finiteness of the superstring perturbation theory. Fur-
thermore, holographic dualities and the study of flux vacua in string theory make urgent
the need for a formalism that can handle RR backgrounds.

A new formalism that achieves such a covariant quantization, the pure spinor formal-
ism, was proposed by Berkovits in [fl], see [B] for a review. The worldsheet fields, in the
minimal version of this formalism, are the spacetime coordinates X™ and the spacetime
fermions ¢, as in the Green-Schwarz formalism, conjugate fermionic momenta p, (first
introduced by Siegel in [B]) and new bosonic twistor-like variables A® that take values in
the space of pure spinors, namely they satisfy )\a'yo%)\ﬁ = 0, and their conjugate momenta



Wq. The non-minimal version contains an additional bosonic pure spinor of opposite chi-
rality, Ao, a constrained fermionic spinor r, and their conjugate momenta, @w®, s®. One
can construct from these fields a fermionic nilpotent operator Qg that is postulated to
be the BRST operator of the theory. In a flat background the worldsheet theory is free
(modulo the non-linear pure spinor constraint) and a prescription for the computation of
scattering amplitudes has been developed in a number of papers ([, f|-] with tests and

explicit computations presented in [[]—[1].

There are several unconventional aspects of this formalism. Usually the BRST sym-
metry arises after gauge fixing a local symmetry, which in the case of strings includes
worldsheet diffeomorphisms. In the pure spinor formalism however one instead is given
directly the “gauged-fixed” model in the conformal gauge and a BRST operator Qg. Sim-
ilarly, the prescription for the scattering amplitudes was postulated rather than derived
from first principles. In particular, the absence of an antighost field b led to a (complicated)
construction of a composite field, with properties similar to that of the antighost, which
was used in the proposal for the measure of the multi-loop amplitudes. Although there is
very little doubt that the current form of the computation rules is correct, it would clearly
be desirable to have a first principles derivation. Such a derivation, apart from providing
a better justification of the current computational rules, could also help in the search of a
simplified version.

In this paper we provide such a derivation. There have been many works in the past
involving modifications and/or extensions of the pure spinor formalism with the same aim,
see for example [[-[[J. Our approach is different and is guided by topological string
constructions. Instead of searching for a model with a local symmetry which after gauge
fixing would lead to the pure spinor formalism with Qg and the pure spinors emerging
as a BRST operator and ghost fields, we shall consider the pure spinors A as “matter”
fields as well and the worldsheet theory as a sigma model with a nilpotent symmetry Qg
and target space ten dimensional superspace times the pure spinor space. To construct a
string theory we couple this theory to two-dimensional gravity in a way that preserves the
fermionic symmetry Qg and then BRST quantize the resulting theory in a conventional
fashion. Following [R(], gauge invariances due to zero modes are also included in the BRST
analysis by introducing constant ghosts. This leads automatically to a scattering amplitude
prescription that is BRST invariant and upon integrating out the constant ghosts and
associated auxiliary fields one arrives at various insertions in the path integral measure.

This paper is organized as follows. In the next section we review the pure spinor
formalism. In section B we couple the theory to 2d topological gravity and in section H we
introduce vertex operators. The BRST quantization of this system is presented in section .
Section [ contains the analysis of the invariances due to the pure spinor zero modes. In
this section we show that depending on how one treats the auxiliary fields one arrives
either at the minimal or the non-minimal scattering amplitude prescription. We conclude
in section f| with a brief summary of our results. Finally there are two appendices: in the
first we discuss U(5) variables and the Y formalism, while the second contains details of
computations relevant for section [J.



2. Review of the pure spinor formalism

We review in this section the pure spinor formalism. In the minimal version, the worldsheet

action for the left-movers in conformal gauge and flat target space is given by
2 1 m9 ayale’ )«
S, = [ d°z 563: 0T + pa00® — wa,OA (2.1)

with m =0,...,9 and o = 1,...,16. For Type II strings the right-movers are similar to
the left-movers while for the heterotic string the right-moving variables are those of the
heterotic RNS formalism. The field A* is a bosonic pure spinor satisfying,

A“yIA? =0, (2.2)

where 3 are the symmetric 16 X 16 d = 10 Pauli matrices. The fields 6%, A%, have
conformal dimension 0 and the corresponding conjugate momenta p,,w® have conformal
dimension 1.

Since the action is quadratic in fields quantization is straightforward except for the
fact that A* satisfies the quadratic constraint (E), so its quantization requires some expla-
nation. More precisely, the pure spinor part of the action is a curved v system describing
maps from the worldsheet to the space of pure spinors, with A* being holomorphic coordi-
nates in this space. This system can be analyzed by covering the space of pure spinors with
coordinate patches and then gluing appropriately on the overlaps [R1, PJ]. In particular,
one may cover the pure spinor space with 16 coordinate patches chosen such that on each
of them one of the pure spinor components A% is non-vanishing. On such a patch one may
explicitly solve the pure spinor constraint to express A% in terms of 11 independent (com-
plex) variables. For example, using the decomposition 16 — 1410+ 5* of the spinor of (the
Wick rotated Lorentz group) SO(10) under SU(5) one may solve the pure spinor constraint
by suitably expressing the 5* in terms of the 1 and 10. Furthermore, the action (@) has
a gauge invariance

dwe = AN (V™" N)a (2.3)

where A™ is a gauge parameter, which on each patch can be used to eliminate 5 compo-
nents of we, so we are left with 11 conjugate momenta for the 11 independent pure spinor
components. In appendix [A] we show how to implement these steps in the path integral
starting from a Lorentz invariant action involving unconstrained spinors A“ and a Lagrange
multiplier /,,, that imposes the pure spinor condition. Integrating out the Lagrange multi-
plier and the ghost fields resulting from gauge fixing the invariance (R.J) one obtains (after
a non-trivial cancellation) a free action for the 11 independent pure spinor variables and
their conjugate momenta. Since the starting point is Lorentz invariant all computations
done with the U(5) variables will preserve Lorentz invariance.

The model is invariant under a fermionic nilpotent symmetry (which for the left-movers
is) generated by

Qs = fdz)\a(z)da(z), (2.4)



where

1 1
doc = P = 5 Vg0 0m — Vil Vm 460°0700°, (2.5)

which is considered to play the role of the BRST operator. The transformations it generates
are given by

Ssz™ = Ay™0, 550 =\, SsA* =0, b5da = I (YN )y  OsWa = da,  (2.6)

where 11" = Jx™ + %97’”89 is the supersymmetric momentum and again we restrict to
the left-movers (so in particular, the full transformation for 2™ contains a similar additive
term with right-moving fields). The cohomology of this operator (at ghost number one)
indeed correctly reproduces the superstring spectrum [RJ].

The non-minimal version of the formalism [[] amounts to introducing a set of non-
minimal variables, the complex conjugate A, of A%, a fermionic constrained spinor rg
satisfying

j\a’y%ﬁj\ﬁ =0, Ao aﬁ?“ﬁ =0, (2.7)

m

and their conjugate momenta, w® and s®. The action (2.1]) is modified by the addition of
the term S,

Sy = S+ Sums S = / Pz (~0°0re + 5°Dra) (2.8)

and the generator Qg by
Rs — Qs + j{dzwara (2.9)

This acts on the non-minimal variables as follows
555‘04 =Ta, 55Ta = 07 558a = wa, 551DO‘ =0. (210)

These transformation rules imply that the cohomology is independent of the non-minimal
variables.

3. Coupling to 2d gravity

To construct a string theory we will couple the theory discussed in the previous section
to two-dimensional gravity in a way that preserves the Qg symmetry and then quantize
this system. Since this model has zero central charge, one should couple it to topological
gravity. Our approach is thus similar to the construction of topological string theories,
see [P4] for a review. In that context one starts from a supersymmetric sigma model which
upon topological twisting yields a topological sigma model. In this procedure one of the
supersymmetry charges is identified with the BRST operator of the sigma model. The
corresponding operator in our case is the nilpotent operator Q5. Note that the pure spinor
sigma model has been obtained by twisting an N = 2 model in [[14].



The first step in this procedure is thus to relax the conformal gauge in the action (P.1)
(or () for the non-minimal version). The part that involves the 2™ is standard!,

1
Sx = / dQU(Z\/ggabaaxmabmm) (3.1)

The rest of the action (R.1]) (or (B.§) for the non-minimal version) is a sum of first order
actions involving a field of dimension one and a field of dimension zero (with an overall
sign that depends on whether the fields are bosonic or fermionic). The covariantization of
all these terms is the same, so it suffices to discuss one of them, say

S(p,g) = /dQZpaaaa . (3.2)

The fields of dimension one are vectors on the worldsheet, so p, is more accurately labeled as
Paa- However, only the z-component participates in (B.9). Similarly, only the zZ component
of the right-moving momentum? p,, participates in the action. To account for this, we
introduce the projection operators
1
PP = (0" F "), (3.3)
where J, is the complex structure of the worldsheet, i.e. it satisfies

JL IS = =65, V.. =o. (3.4)

In terms of the worldsheet volume form and the worldsheet metric, it is given by J,* =
—eacgd’, with €, = \/géap and ég1 = 1, and holomorphic and anti-holomorphic functions on
the worldsheet are defined by J,%0,f = i0, f and J,*0f = —id, f, respectively. Using (B.4)

one shows that

pEHypEe_ pthe  pHvpEe_ g (3.5)

Notice also that
gabP(ib)c _ gch(qtb)a _ (3.6)
One can obtain vectors with only z-component by multiplying by P(Jg)b and vectors with

_ . . —)b
only zZ-component by multiplying by P a) :

bo =Py, pa=P ). (3.7)

In other words, in complex coordinates the only non-zero component of P(E)b is P(J;)Z =1

and the only non-zero component of P(;)b is P(;)g = 1. More generally, these projection
operators can be used to covariantize any tensor given in conformal gauge. The action (B.2)

can then be covariantized as

N RN (3.8)

"We work with an Euclidean worksheet and use standard conventions, i.e. z = o' + io?, the flat metric
is g.z = 1/2 etc.

2Note that throughout this article we use the notation that right-moving fields have a tilde (rather than
the more conventional bar).



In summary the action of the minimal model coupled to gravity is given by
1
S, = /d20\/§gab <Z(9axm8bxm + PaaOpf® — l?/aa@b)\a> (3.9)

with an obvious addition for the case of the non-minimal model. The stress energy tensor
for the model can be obtained by varying w.r.t. the worldsheet metric,

2 65, 1 1
= =5 ™ — 5 9abg” m 1
ab \/§ 5g“b 2 (5a3€m3b9€ 2gabg acxmadx ) (3 0)

B0 — = Gag peadat®) + T
+(Pa]a| ) 9ab9““Pea0qf) + T,

2

The contribution of the pure spinor part (and the non-minimal variables) is same as the one
for the (p,0) part with p — w and # — X\ and an overall minus sign (with similar replace-
ments for the non-minimal fields). This stress energy tensor is (manifestly) traceless and
covariantly conserved, reflecting the fact that the action is invariant under diffeomorphisms
and Weyl transformations,

5gab = ﬁe(o)gab + Q(b(a)gab (311)
0P = —€9,P
0P, = —€0,P + 0,6’ P,

where €*(0), (o) are diffecomorphism and Weyl gauge parameters, L is the Lie derivative,
O = {z™, 0% X\, ...} denotes collectively all worldsheet scalars and P, = {paa;Waa, - - -}
denotes collectively all worldsheet vectors.

The stress energy tensor (B.1(J) can be rewritten as

Ty = PEePHITE 4 pep, <P( ;’dade()é) T (3.12)

where the dots indicate the contribution from the pure spinor and non-minimal variables,
which will be suppressed from now on since they are similar to the (p,€) contribution.
We also suppress the anti-holomorphic contribution of ™. The first term in (B.19) is the
covariantization of the stress energy tensor appearing in Berkovits’ work,

1
5 = 50aTmOpa™ + PaaOpl® + -+ (3.13)

while the second term is proportional to the 0 field equation. This additional term can
be removed by modifying the transformation rule of pu, in (B.11]).

3.1 Topological gravity and Qg invariance

If we were to quantize the model just described we would find that it is anomalous, since
the diffeomorphism ghosts would contribute ¢ = —26 and the original sigma model had
¢ = 0. This problem is avoided by extending the QJg symmetry to act on the worldsheet
metric, so that the 2d gravity is topological. With this aim, we introduce the following
transformation rule,

05Gab = P(})CP(;)d?ﬁcd = Yup, S5%eq = 0. (3.14)



where 1,4, is a new field that has only one holomorphic component, 1zz(z). (To extend
this discussion to the anti-holomorphic sector we would need to also turn on @ZZ(Z), ie.
the full transformation is dggq = P(;)CP(;)d¢cd + P(JZ)CP(Jg)d@cd).

Since the metric now transforms, the action is not invariant and its Qg variation yields,

1 1 -
58y =~ [ #ova Tsgn = 5 [ o vag d T, (.19

where again we only discuss the holomorphic sector, and in the second equality we used
the fact that due to the projector operators the second term in (B.12) does not contribute.
To construct an invariant action we now add a new term to the action,

1 R
Sy =8 =5+3 / d?0\/39°° 4" G aptheq (3.16)
The new action would be invariant provided there exists G, transforming as
65Gap =T5 (3.17)

Note that because 1[1ab has only one fermionic component, the variation of the explicit
worldsheet metrics in the new term does not contribute. Including both sectors one finds
that for the discussion to go through Gy, must be traceless. Equation (B.17) for Gy, is pre-
cisely the equation for a composite “b-field”. Such a composite field has been constructed
in conformal gauge and one may covariantize it to obtain a Q)g, diffeomorphism and Weyl
invariant action. We will come back to the solution of (B.17) later on.

4. Adding vertex operators

We will be interested in computing scattering amplitudes. For this aim, it is useful to
introduce sources p’ with Weyl weight one that couple to vertex operators V; that are
scalar functionals with Weyl weight minus one [R(]. Then our starting point is the extended
action
n
S=5+Y_ p'Vilgl(oi, ¢) (4.1)
i=1
where S is given in (B.16), ¢ denotes collectively all worldsheet fields and we will shortly
discuss the vertex operator. The sources p’ are considered to be infinitesimal, i.e. we
only differentiate once with respect to each source and then set them to zero. The new
action ([1]) depends on the positions of the vertex operators o and their Qg partners (f,

osoi = (! 0sC =0, (4.2)

)
or in complex coordinates,
sz = Ci, 05z = Gi, 065G =0, 0s¢=0. (4.3)

In keeping with the discussion of the previous sections we will mostly focus on the holomor-
phic sector. The positions o' and ¢ are regarded as new constant fields which we integrate



over in the path integral. This is somewhat unconventional but as demonstrated in [R{] for
the case of the bosonic string it allows for a uniform derivation of scattering amplitudes
with integrated and unintegrated vertex operators. Here we extend that discussion to in-
clude the fermionic coordinates ¢%. The action (|.])) is invariant under diffeomorphisms
provided one transforms the position of' of the vertex operator V; and of (' appropriately
(the corresponding BRST transformations are given in (5.J)). Furthermore, we need to
ensure that (fL.T]) is Qg invariant. Since (; is a fermionic variable V; has the expansion (in
complex basis)

Vilel(2i,G) = Vil (z0) + GV o) (1) (4.4)

where again we focus on the holomorphic sector. For (1)) to be Qg invariant, we need

ds (Vilel(2i,Gi)) = 0. (4.5)
The Qg transformation can act either on worldsheet fields ¢ or on the positions z; and we
obtain
6sVilipl (20 G) = BV ) (=) + G (0V, (=) = 65V, ) () (4.6)
which implies
sV =0, sV =ov @ (4.7)

where now Qg acts only on the fields. From ([.7) we find that the integrated vertex
operator

is Qg invariant.

5. BRST quantization

The action (fL.1)) constructed in the previous section is invariant under diffeomorphisms and
local Weyl transformations. We will now proceed to quantize this system using standard
BRST methods. As in , @], our BRST analysis includes the “gauge invariances” due to
zero modes. This is done using the Batalin-Vilkovisky (BV) quantization scheme [, 7.
Our treatment is a straightforward extension of the analysis in [R(], so we will mostly quote
results; for a detailed discussion of the method including a concise self-contained summary
of BV we refer to [20].
We introduce diffeomorphism and Weyl ghosts, ¢* and C,,, and their Qg partners,

ogc® =+, 0sCy = Yo - (5.1)

The BRST transformations of all fields are given as usual by replacing the gauge parameter
by the corresponding ghost. We will need below the explicit transformation of the metric
and its Qg partner,

0V ab = Legab + 2C0Gabs v ap = Lelab — LoGab — 2Ywbab + 2Cubap (5.2)



and of the positions of the vertex operators and their (Jg partners,
dyoi = —c"(03), v =7"(o). (5.3)

As discussed in [R{], the zero modes of the ghost fields are associated with a gauge invariance
of the ghost action which should be gauge fixed. Following the BV quantization scheme, one
should introduce ghost-for-ghosts, extraghosts, antighosts and associated auxiliary fields to
gauge fix this invariance. For the problem at hand, (as explained in [R(]) all these “fields”
are constant, i.e. do not depend on the worldsheet coordinates, ghosts-for-ghosts are not
needed and the metric moduli 7%,k = 1,...,69 — 6, (9 > 2), (considered as constant
fields) play the role of extraghosts 3. Recalling that due to the Qg symmetry all fields
come in Qg-multiplets, we end up introducing the following constant fields and BRST
transformations,

k

osTt =7 syrt=¢r, st =¢F oyt = —€h (5-4)

We further need antighost fields and corresponding auxiliary fields
6SBab — Bab, 6Vﬁ~ab — _pab’ 6V5ab — 7_(_ab’ 5Spab — 7Tab (55)

(which in our conventions are tensor densities).

To gauge fix diffeomorphism and Weyl transformations we set the worldsheet metric
gap €qual to a reference metric gup(7). This can be implemented in the path integral via
the following gauge fixing Lagrangian,

Ly = 6v85(5™[gab — Gan(7)]) (5.6)
= 0v (6™ [gab — Gab(T)] + B [ab — 7 Okdan(T)])
= 7®[gab — Gab(7)] = b°[2C0gab + Legab — € Ogan(T)] — P [hab — #*Oan(T)]
+BLetbab + 2Cthab — LyGab — 2VwGab + € OkGab(7) — 77E 0RO Gan(T)],

where Opjap(T) = 0Gap(7)/0TF is the derivative of the reference metric w.r.t. the moduli
and 1[1ab is defined in (B.14). This gauge fixing action contains the usual gauge fixing terms
for the metric and the ghost actions for b, ¢ and 3, 7.

In addition when the Riemann surface has & conformal Killing vectors* we need to fix
k additional constant “gauge” symmetries. This is done by fixing the position of x vertex
operators; we call this set f. From now on of will always belong to the complement of f
and ag to f. We further introduce additional constant antighosts and associated auxiliary
fields,

5sBl=bl,,  SyBl=—pl, Sybl=ml,  bspl=nl (aj)ef  (5.7)

3Earlier works where the moduli were treated as quantum mechanical degrees of freedom include [@,

Bd. pd).
4Recall that k = 6 for a Riemann surface of genus 0, k = 2 for genus one and £ = 0 for higher genus
surfaces.



and the following gauge fixing term

Ly = dvds Zﬁi(a;f—m = Zb] (08 — &%) + BiCS

—Zwﬂ (0% — 6) — bic"(o )—péC§+B£'V“(U;)- (5.8)

At this point we have treated all gauge symmetries, except the ones associated with zero
modes of the original fields X, p, 0, w, \. We will discuss these in the next section.

To summarize, the generating functional of scattering amplitudes is given by

Zloi;p'] = /duadu exp (=S — L1 — Lo) (5.9)

where S, Ly and Lo are given in (1)), (5.6) and (5.8), du, is the measure factor associated
with X, p,0,w, A (and non-minimal variables) that we will discuss in the next section and
dp is the measure that follows from the analysis of this section, i.e.

6g9—6
dp = Hd oi/g(o))d?*¢ H didgkd%kdngdb]dp’dﬁfdwj
=1
X [dpap][dgap] [dc”] [dv [dC][d)[dp™][d ﬁ“b] [dm®][db™] (5.10)

The first line contains the integration over all constant “fields” while the second line the
fields we functionally integrate over. The integration over most of these variables can be
done exactly as we now discuss.
As in previous sections we only discuss the holomorphic sector. Firstly, integrating over
@ and ggqp sets the worldsheet metric equal to the reference metric g, in all expressions.
Integrating over 73, ph, leads to delta functions (Z*» —25.)5 (CA.) which can be used to integrate
over z;, (5. So k insertions® will involve V( )( ]) while the remaining (n—k) vertex operators
(1 )(
insertion ¢(2;)d(7(%;))-
Note that the Vj,(o) and Vl-(l) do not depend on the ghost fields, so the path integral
factorizes into a part that only depends on the ghosts and the rest. One might anticipate

will involve V;*"/(z;) and will be 1ntegrated. Furthermore integrating out b , B] leads to the

that the ghost contributions will cancel each other since ¢, C,,, and the v%, v, are related by
the Qg symmetry. So to simplify the presentation we set to zero the ghosts. The complete
computation including the ghosts is given in appendix [§. The scattering amplitudes thus
take the form

0) 4 1
(Vi--- V) = /du e 7 djie” SHV( (25) H /dzZ ) (zi), (5.11)

i=rk+1

°In the holomorphic sector x = 3 for a Riemann surface of genus 0, x = 1 for genus one and x = 0 for
higher genus surfaces.

,10,



where

~ 6g9—6

deS = T artaitiavalian exp [ o (Va5G" b+ s — 7010007
k=1
(5.12)

Integrating out p® gives a delta function that sets 1[1ab = %’fakgab(r). Finally integrating
out 7* leads to (6g — 6) (of which (3g — 3) are holomorphic) insertions of G,

O TT [erPe) 6w

ViV = [ duoe s []ar*(G,000)
k 1 i=k+1

K

J
where (G,09) = [ d*0v/ GG OpGap.-

5.1 Summary

Let us summarize the results so far. We started from a theory with a fermionic nilpotent
symmetry Qg and zero central charge and we coupled it to topological gravity in a way that
preserves the Qg symmetry. Quantizing this system using standard BRST-BV methods
leads to the formula (5.13)) for the scattering amplitudes. In this formula the position of &
of the vertex operators VZ-(O) is fixed while the remaining ones, Vi(l), are integrated. These
vertex operators satisfy (in the holomorphic sector),

5V =0, sV =@ (5.14)

Furthermore, one needs (6g — 6) insertions ((3g — 3) holomorphic ones) of the field G
defined by
05Gap = Tap (515)

where Ty, is the stress energy tensor of the worldsheet theory. This composite field is the
analogue of the b-antighost in the scattering prescription of bosonic string theory. One
may have anticipated these results based on the scattering amplitude prescription for the
bosonic string and studies of topological strings. Indeed this is precisely the prescription
used in the literature. The novelty here is its derivation from a first principles BRST-
BV quantization. Notice that these results hold irrespectively of what the original sigma
model is. In the next section we discuss issues specific to the pure spinor theory described
in section .

6. Pure spinor measure

We now return to the pure spinor sigma model. We would like to understand the path
integral measure du, and find the explicit form of Gg. The path integral measure will be
derived by gauge fixing “invariances due to zero modes”, as in the previous section. There
is an important difference however. The vertex operators in general depend on all fields
X,0, 7w, \, so the zero modes imply only an invariance of the action S, in (R.]) and not
of the generating functional of correlators in (f.9). At first sight it seems as though one
need not gauge fix this invariance of S,. Indeed fermionic zero modes do not present a

- 11 —



problem; the vertex operators can provide the appropriate number of fermionic zero modes
so that the final expressions are non-vanishing. Non-compact bosonic zero modes however
are still a problem, even in the presence of vertex operators, because typically integration
over them leads to a divergent path integral; the action S, does not contain a convergence
factor because of the zero mode gauge invariance. This can be remedied by gauge fixing
the bosonic zero mode gauge invariances, as we discuss in this section. As we shall see,
because of the Qg invariance, part of the invariance due to fermionic zero modes is also
fixed.

On a genus g surface, a worldsheet scalar ® has one zero mode ®g and a worldsheet vec-
tor P has g zero modes, Py(z) = >9_, Plw;(z), where wy(z) are the g holomorphic Abelian
differentials of first kind satisfying [ A dzwy = 07y and the contour integral is around the g
non-trivial A-cycles of a genus g surface. Note that ®; and P! are constants. In our case
and in the minimal formulation we have 10 zero modes z{*, 16 zero modes 6 and 11 zero
modes \§ from the worldsheet scalars and 16g zero modes dl,I =1,...g, and 11g zero
modes w?, from the worldsheet vectors. Of these 2§, A and w, are bosonic. The treatment
of the zero modes of ' is standard and will not be discussed here. Furthermore, following
earlier work we will trade w,, which transforms under the gauge transformation (R.3), for
the gauge invariant variables,

1
Ny = §wa(7mn)o‘5)\ﬁ, J = wa A (6.1)

where Ny, is the (contribution of the pure spinors to the) Lorentz current and J is the
ghost generator. As discussed in [fj], the pure spinor condition implies enough relations
between N, and J so that one can express the 11 independent components of w, in
terms of J and 10 component of N,,,. In what follows the 11g zero modes of Ny, J will
be denoted by NI J.
The BRST transformations corresponding to the zero mode gauge invariance are given
by
v AG =, ooy =~ Sydl =1L, Sywl = ¢! (6.2)

('R}

where ¢®,cl are constant fermionic ghosts and v, ~. are constant bosonic ghosts. The

transformations for Ay, w’, require some explanation, since A\ satisfy a quadratic constraint
and w, has a gauge invariance. These zero modes are most easily described in U(5) variables
since the system in terms of A, A%, w. , wgy is unconstrained and has no gauge invariance
(see appendix [A]). The BRST transformation is then given by shifting these variables by
their zero modes. Reversing the steps in appendix [A] one may express ¢® in terms of the 11
zero modes of AT, A% and c! in terms of the 11g zero modes of w, ,ws. The arbitrariness
due to the gauge invariance (R.J) is then eliminated by passing to the gauge invariant
variables NL JI.

mn’
To maintain (g invariance we further require
I I
07" = °, dsc, =7, (6.3)

To gauge fix the bosonic invariances we introduce constant fermionic and bosonic antighost
fields, b, ba each containing 11 independent components, ™™ ™" each containing
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10g independent components and b, b’ each containing g components and corresponding
auxiliary fields. The @y and (g transformations of these fields are given by

Osba = ba,  Osb™ =0 ggbt = (6.4)
Oy by = —Tq, 5Vl~)a = 7 5vbmnl _ _ﬂ_mn[’

Sybmnt = gmnl Sybl = -l Sub! = 7!

05T = T,  Ogn™ =gmnl  gopl = 71

To gauge fix the zero mode gauge invariances we now introduce the following gauge
fixing Lagrangian

g
Ly = 8yég <ba03 + ) (VN + 0T )) (6.5)
I=1

g9

- 1 - -

= dy <_baAg + baby + Z(§bm"1(dlwmn)\o) + oI NT bl (d M) + bf(wao))>
I=1

= Ta Ay + Tabfy + Z ( mnl dlfymn)\o + &N, — wldl A + frfJf>

g
5 1-
+ba0a + bo/)/a + g ( bmn[ '7 'Ymn)\(] - dlr)/mnc) - §bmnl(cl'7mn)\0 - wlr)/mnc)
I=1

+0! (v N — dle) — bl (e Ao — wlc)>

Integrating over b® and b* leads to delta functions for ¢® and ~%, which can be used
to integrate out ¢®,~*. Integrating over b b bl bl vields 11g delta functions
(Y Ymn20) (v Mo) (X ymn o) (¢F Ag). The same argument that implies that one can trade
the 11g zero modes of w, for N, and J! also implies that the delta functions set to zero
c!, 4! (with Jacobians canceling between the v/ and ¢! terms). So the zero-mode measure

now becomes

NS

[dﬂa]z.m. — [d16(9 Hdll dll dll H ledI dll [dllﬂ']][dllN[] (66)
I=1

g
X exp (wa)\g‘ + ﬁa98‘—i—z
I=1

7N

1
_WmnlidlrymnAO_FﬂmnINI _ﬂ_IdI 8+7~T1J1>> ,

where [d'!\o] and [];[d'* N;] are the Lorentz invariant integration measures derived in [f],
whose explicit form we will not need. Our focus here is on the factors coming from inte-

grating over 7,7, 7!, 7l.

6.1 Minimal formulation

Recall that m, and 7, have 11 independent components each. One way to parametrize

them is to write

To = piCL, Fo=piCL, i=1,...,11 (6.7)
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where p;,p; and the independent components and C{* is a constant matrix of rank 11.
Then [d' 7][d'1 7] = [], dp;dp; and integrating over p’ yields [, §(CEAG), while integrating
over p' yields IL C’f)ﬁg‘. Putting it differently, one may have started with antighosts and
auxiliary field b, b, pt, pt and gauge fixing condition CL\$ = 0, for the invariance due to
the 11 zero modes of A* and gauge fixing condition C%05 = 0 for the invariance due to 11
of the 16 zero modes of 6. Note that the insertions can be combined into 11 insertions of
the “picture-lowering” operator

Yo = Cal35(Cary) (6.8)
Similarly, we parametrize the 10g independent components of 7 and 7™ as
ot =By, &M =Bt j=1,...,10 (6.9)

where p/!, 51 are the 10g independent components and B are constants. Integrating
over p;r,p;jr and 7wy, 7y leads to the insertions

g 10 g 10g

(07 1 mn mn
[T { @x8)60") [T 385" (@ 3mnr0)a(BE;" N | = T Zotz) [T Zin(wr)  (6.10)
I=1 j=1 R=1 P=1

where we reassembled the insertions in terms of the “picture-raising” operators
1
Zp = §Bm"d'ymn)\5(Bm"Nmn), Zy = (X%dy)o(J) (6.11)

inserted at positions zr,wp. Here we use the fact that the non-zero modes in the r.h.s.
of (6.10) do not contribute in any correlator [f]. These insertions correspond to gauge
fixing conditions B{}"N,{rm = 0,J! = 0, for the gauge invariance due to the 11g w, zero
modes and B}’;"(dlfymn)\o) =0,d] 6 = 0 for the gauge invariance due to 11g of the 16g
zero modes of d,. Note that the constants C?,, B;-’}" enter through a gauge fixing term, so
by standard arguments correlation functions do not depend on them and their presence
does not imply breaking of Lorentz invariance.

What is left is to discuss Ggp. As we shall see, we only need to recall well known facts
from the literature. By definition, G, should satisfy (now in complex coordinates and
dropping the indices)

5sG=T, T= %Hmnm - dpd0% — wadN® (6.12)

Since dg is nilpotent, this equation defines a cohomology class [G], i.e. solutions G up to
s exact terms. A solution of (f.19) is given by [B1]

GG

Go=

1 1 1 1
@ _ Zm mda__Nmn mn 9y _ — 904__2904, 1
G = ST (md)” = 3 Noun (7" 00)° = 7J00° — 20 (6.13)

for a constant spinor C,. This expression also appeared in [[[§] as a twisted worldsheet
supersymmetry current. This solution is however not acceptable because had we allowed for
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operators with behavior (C,A%)~! the Qg-cohomology would be trivial. Indeed, consider
the field &

C,0”
== 6s€ =1. 6.14
§ Coxa’ s§ (6.14)
Then any closed operator V is also exact since
osV =0 = V =05(&V). (6.15)

A related issue is that the positions of the poles of G are also the positions of the zeros of
the path integral insertions thus making the expressions ill-defined.

One might hope to arrive at a well-defined expression by finding a different represen-
tative of the cohomology class [G] such that the poles in the new G would cancel against
zeros in other path integration insertions. Indeed, such a representative G exists and it
is given by Gy = bp/Zp, where Zp is the picture raising operator in (p.11) and bg is the
“picture-raised b ghosts” constructed in [f]] by solving the equation,

Ssbp = ZgT. (6.16)

It was shown in [BJ| that Gy is in the same cohomology class as Gy. Using this solution
we find that the poles of (G; indeed cancel against zeros coming from the picture raising
operators.

Combining all ingredients we find that the multi-loop amplitude should include 3g — 3
insertions of bg, 10g — (3g — 3) insertions of Zp, g insertions of Z; and 11 insertions of Yc.
This is precisely the prescription proposed in [f].

6.2 Non-minimal formulation

Let us now return back to (f.4) and recall that 7, and 7, are Qs partners, dgTo = 7a,
see (p.4), and each has 11 independent components. These are precisely the properties of
the non-minimal variables )\, and 74, see section 2, so one may identify

Ta =X,  Fq=10 (6.17)

where A2, 70 are the zero modes of A\, and r,. Actually since the non-minimal variables
are cohomologically trivial their non-zero modes do not contribute to any observable and
one may only keep their zero modes. Recall also that the non-minimal sector has a gauge
invariance similar to (P-J) (whose explicit form is not needed here) and the following com-

binations are gauge invariant [fj]

1 _

Nmn = §(w7mn)\ - S’Ymnr)7 j = 70‘5\04 - Sarou
1 - -
Son = §svmn)\, S = 5%\, (6.18)
The canonical momenta w® and s“ have 11g zero modes each which, as in the discussion
of the minimal variables, can be traded for 10g zero modes of NI and SI  and g zero
modes of J! and S!. Using the Qg transformations in (R.10) one finds
6sSh, =N,  6sS'=J" (6.19)
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We thus find that the fields NI 81

Ly SE ST JI have the same number of components and

the same Qg transformations as 7™ 7™ 71 71 and we can thus identify them,

7_l_mnl _ Nmnl’ 7i_mn[ _ SI 7TI — SI, ﬁ'l — jl. (620)

mn?

With these identifications the exponential factor in (f.f) is precisely the regularization
factor NV in [ff] (up to inconsequential numerical factors).
It remains to discuss Ggp. This field was constructed in [[] (with an elegant interpre-
tation of the construction in terms of Cech cohomology given in [ff])
_ pWes XarﬁH[am XarﬁrvK[aﬁ“f] j\argrq/r(;L[aﬁ“f‘ﬂ

e S VENG Y R S\ O

(6.21)

where G is given in (.13) and H*3, K%Y L5 are explicitly known but we will not
need their detailed form here. Note also that this field is cohomologically equivalent to
Go BJ]. Combining all ingredients we thus arrive at the prescription proposed in [f.
Noticed that G'g field has poles as AX — 0 so one might wonder whether this prescrip-
tion suffers from the same problems as the one using Gy. Indeed, there is a non-minimal
version of the argument around (§.14)—(p.13). The corresponding non-minimal ¢ field is [
A0

Snm = 5\5)\[3 + Tg@ﬁ

(6.22)

This diverges as (A\)~!! so one must ensure that no operators which diverge with this rate
are allowed. A related issue is that the path integral with the insertions just discussed
will diverge if the insertions diverge as fast as (AX)~!!. As discussed in [f, fi] this can only
happen for genus g > 2 (since the pure spinor measure converges as (A\)!! and G p diverges
as (AN)73). One way to deal with this issue is look for a different representative G B, of
the Qg cohomology class of [G]| which is less singular than Gp as AA — 0. A construction
of such G(p) is presented in . Using this G(B,e) field one then arrives at a prescription
that in principle works to all orders.

This solves the problem in principle. The actual construction of Gp () however is very
complicated. Given that the issues with singularities are related to the AA — 0 limit, a
different approach would be to modify the gauge fixing condition for the pure spinor zero
modes such that they are fixed to a non-zero value. It would be interesting to investigate
if such gauge fixing can be implemented and whether it would lead to a simpler scattering
amplitude prescription.

7. Conclusions

We presented in this paper a derivation of the scattering amplitude prescription of the pure
spinor superstring from first principles. Our results confirmed the prescriptions advocated
in [{] and [§, f], show that these prescriptions are equivalent and also suggest avenues for
searching for a simpler prescription.

We now summarize our approach. We considered the pure spinor model (i.e. the
Green-Schwarz-Siegel action plus the pure spinor variables) as a “matter” sigma model
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with target space ten dimensional superspace (with embedding coordinates X, ) times the
pure spinor space (with embedding coordinates A). To construct a string theory we coupled
this model to two dimensional (topological) gravity and then quantized the resulting theory.
One should contrast this approach with previous works where the aim was to find a model
with local symmetry which upon gauge fixing would lead to the pure spinor model with Qg
emerging as the BRST operator and the pure spinors A as the corresponding ghosts. For us
Qg and A are part of the model ab initio and the justification for starting with this model
is that the Qg cohomology gives the superstring spectrum. To maintain the Qg symmetry
and consistently quantize the model after coupling to 2d gravity, the Qg symmetry had to
be extended to act on the gravitational sector and we showed that Qg invariance requires
the existence of a (composite) field G whose Qg variation is equal to the 2d stress energy
tensor.

This model was then quantized using standard BRST techniques, introducing diffeo-
morphism ghosts, their Qg partners, associated auxiliary fields etc. It turns out that all
variables one introduces in this process can be explicitly integrated out resulting in a pre-
scription for the scattering amplitudes involving (as usual) a number of unintegrated and a
number of integrated vertex operators and (3g — 3) (complex) insertions of the zero modes
of G. This result holds in general for any system with a nilpotent symmetry coupled to
topological gravity.

Our analysis included a BRST treatment of the gauge invariances due to zero modes;
the presence of a zero mode implies an invariance of the action under a shift of the field
by the corresponding zero mode. To gauge fix these invariances we introduced constant
ghosts, antighosts and corresponding auxiliary fields. In the presence of vertex operators
some of these invariances are lifted. Nevertheless, one must still gauge fix all (non-compact)
bosonic invariances because their presence implies that the worldsheet action does not
provide the appropriate convergence factor for the integration over them. We carried
out this analysis for the bosonic zero modes of the pure spinor sigma model. This led
(among other things) to the introduction of constant auxiliary fields needed to implement
the gauge fixing conditions in the path integral. Depending on the parametrization of
these fields one is led either to the minimal [] or the non-minimal [{] prescription for
scattering amplitudes. In the latter case the auxiliary fields can be identified with the
non-minimal variables (more precisely, the zero modes of the non-minimal variables, but
since these variables are cohomologically trivial their non-zero modes do not contribute to
any observable). To complete the construction one needs the explicit form of the composite
“b-field” G. The relevant results in the literature nicely fit with our analysis and we thus
arrived at the precise form of the scattering amplitude prescriptions in [{] and [f.

The most complicated part of the scattering amplitude prescription is the construction
of a composite “b-field” with appropriate singular behavior. Although the existence of a
completely satisfactory G field is guaranteed by the results of [f], the actual construction
is very complicated. A possible avenue towards a simpler prescription would be to look
for different gauge fixing conditions for the zero modes, instead of looking for less singular
representatives of [G] as has been done so far. We hope to report on this and related issues
in the future.
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A. U(5) variables and the Y-formalism

We discuss in this appendix the use of U(5) variables and the Y-formalism. We start
by relaxing the pure spinor condition on A% and introducing a Lagrange multiplier [,, to
impose it in the path integral. The (w, \) part of the action (R.J]) thus now reads

Sty = / 022 (0 DN + Ln(Ay™ ). (A1)
where A* is now an unconstrained chiral spinor. This action has a gauge invariance,
1._
W = A (Y™ N, Ol = §8Am + (AymA) (A.2)

where A" and A® are gauge parameters. The A% gauge invariance follows from the Fierz
identity
(A" M) mA =0 (A.3)

that holds for any spinor A\. The same identity also implies that the gauge algebra is
reducible; the gauge transformations are invariant under the transformation

SAY = ((M"A)fygﬁ - zxwf) Ag, (A.4)

with Aﬁ a new gauge parameter. This transformation has a gauge invariance of its own,
etc. The full set of reducibility conditions is discussed in the appendix of [B4] and in [B].
One may proceed to quantize this system in a manifestly Lorentz invariant fashion by
introducing ghosts-for-ghosts etc but we shall not discuss this here. Instead we will use a
Lorentz breaking gauge fixing condition.

Let I'™ be the SO(10) gamma matrices and let us define

1 1
I—w(—li- _ §(F2a + Z'I-Qa—l)7 e — 5(1—\2@ o Z'I-Qa—l)’ a = 1’ 273’47 5. (A5)

The spinor representation can be built by treating I'*~ as annihilation and '} as creation

operators, where a = 1,...,5. Let us define
Vay.an =4 ... TF10), vy =TFTJTITITH|0)  vo =10). (A.6)

where n = 1,...,4. A chiral spinor has components A", A% A\, = €upede\?°% /24, which
transform as 1,10 and 5* under the U(5) subgroup of SO(10). In these variables only 5 of
the 10 expressions Ay A are non-trivial; the other 5 are automatically equal to zero if the

first 5 hold,

1
MFEA =220 + Zeabcde)\bc)\de, (A7)
MPTA = —2X,0% (A.8)
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Using ([A.7) one finds that (A.§) is automatically satisfied so without loss of generality we
can set to zero the Lagrange multipliers [,_. The action is now invariant under

1-
Swa = A(VF N a, St = 50/\“, a=1,...,5 (A.9)

This gauge transformation has rank 5, so one can gauge fix it by requiring
w® = 0. (A.10)

Following standard steps (and expressing the gamma matrices in the U(5) basis) we find
that corresponding ghost action is

/d2z <C’b(7j)b5ABC“ + w“wa> = /dQZ (CaATC* + w'm,) (A.11)

where Cy, C%, 7, are the corresponding antighost, ghost and auxiliary fields. Integrating
them out sets w® = 0 and inserts in the path integral measure the factor (A*)>. Further-
more, integrating out [** leads to the delta function §(2A AT + %eabcde)\bc)\de) which can be
used to integrate out A\, (so we are left with the 11 independent components A*, A?*) and
also results in the insertion (A*)~® in the path integral measure, which cancel the factor
(AT)® from the ghosts. The end result is that the action (A1) becomes the free action

/ d?2(wy ONT + wapOADL), (A.12)

with all factors coming from eliminating the 5* and gauge fixing the gauge invariance
canceling out.

From this local description one should now pass to the global picture by gluing to-
gether the local pieces. The general theory is presented in [B1, PJ] and the pure spinor
case has been discussed in detail in [2). In general, there may be worldsheet and target
space diffeomorphism anomalies that render the theory inconsistent. These were shown
to cancel in the pure spinor case if one would excise the A = 0 point from the space of
pure spinors [PJ]. Furthermore, requiring consistent gluing should also fix the path integral
measure. Since the theory is non-anomalous this measure should be the Lorentz invariant
measure determined in [f]° .

Finally, let us briefly discuss the Y-formalism of [B, B7, B3. In this case one introduces
a constant pure spinor v, and the following projector,

Ko = 50 Nall 7m)’ (213

where Y, = vq/(voA%). This projector has rank 5 (since TrK = 5) and can be used to
solve the pure spinor condition,

MmN =0 < XK,)?=0. (A.14)

6To verify this one should first determine the measure in terms of AT, A%®, w™, wap requiring invariance
of the measure when we move from one patch to another and then rewrite the resulting measure in a way
that is manifestly Lorentz invariant. For the w™,w®® variables this would involve changing variables to
Nmn,J. As far as we are aware this computation has not appeared in the literature, see however [@]
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Furthermore,

(1= K)o’ ("N =0, (A.15)

so (7™ A)g also has rank 5. This means that the gauge invariance can eliminate 5 of the

components of w,, which can be done using the gauge fixing condition,
K. ws = 0. (A.16)

Following our earlier discussion, one should now implement these steps in the path integral.
Up to issues related to possible path integral insertions that could result from the details
of the integration over [,,, and the ghost, this should result in the Y formalism.

B. Ghost contribution

We discuss in this appendix the computation of the contribution of the ghost fields to
scattering amplitudes. We will compute

Zun = [ ™S dugnexpl-5) (B.1)

where djie=? is given in (p-12),
dugn = [d5*)[db**)[de][dy][dC) [ [d€ ) [a€*] T T e (65 7;) (B.2)
j=1
and
Sgh = /E <27wﬂ~abgab(7—) - QCw(gabgab(T) - Babi}ab) (B'3)
0" [Vacy + Vica] + B [Vayy + Viva] + 576 91 un(7)
Py 0(3c) — 2500, ] — P E O Gun(7) — € 04D\ (7)])

where V, is the covariant derivative associated with Jab-

Integrating out ~, and B(1) = gab(T)Bab sets the trace of 3% equal to zero. We will
denote by 3% the traceless part of 3%°. Integrating out ék introduces (6g — 6) insertions
of the 8% zero modes, while integrating over p®, 1., and 7% leads to insertions of the zero

mode of the “supercurrent”,
(G, 0,9) = / d’o (ac(gabcff) —26°09.cY 4+ 23%C, + /G + ﬁabglal) Odap(T). (B.4)
)
After these integrations we are left with

Zm :/dﬂﬁ’ydﬂghexp(_ggh) (B.5)
where

ggh = /d20’ <Bab(@a7b + @b')/a) + Bab(Qngab + ﬁacb + ﬁbca) + Babfkakgab(T)) (B'G)
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and

6g—6 K
dugy = 1d8™dy"] T] 6((8,0:9)) [T 6(+*(85))
k=1 5=
_ 6g—6 ’ j K
dfign = [db™)[dc][dC) [] dr*de* (G, arg(7)) ] ¢*(6;) (B.7)
k=1 j=1

The (v system is now a standard CFT with a U(1) “ghost” charge conservation and the
path integral measure contains all appropriate zero mode insertions. It follows that the 3-
dependent part of (B.4)) drops out of (B.5) since it is charged w.r.t. the 8y U(1). Integrating
out C,, sets the trace of b to zero; we will denote by b% the traceless part, and integrating
out &¥ leads to (6g — 6) insertions of the b zero modes. We end up with

Zm = /dﬂrdﬂﬁ“/dlu'bc exp (— / o <ﬁab(¢a7b + Viva) + b (Vacy + ﬁbca)>> (B.8)

with dug, as in (B.7) and

69—6 K
dpe = [db*)[de?] TT 0, 009(7)) T ¢*(6)
k=1 321
6g—6
dpr = ] dm*(G, 0rg(r)) (B.9)
k=1

It is now manifest that the integration over (b%,c?) cancels against the integration over
(8%, 4*) and we are left with the same measure factor as in (5-13).
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